164
|4 .
B {tfexp{—I[pcy?/adkit — )]} dr
" (dmkpert {t -1y )
(3]
t>p
i> -1 {14b)

For p/t = |, the given solutions [equations (13a) and
(14a)] are equivalent to the classical exponential integral
solution for a continuous plane source. For p/t < 1, the
solution is that of a continuous source which then decays
when the source is shut off.

For the case where { =0 (constant heat generation},
the integrated expression of equation (14a} is given on page
263 of [1]. Equations (14a) and (14b) can also be integrated
by a term by term integration of the series expansion of the
integrand. The resulting expression for equation (14a), for
t < p. is found to be easier to use than equation {13a) because
the former converges faster. For the same reason, equation
(13b) for t > p, is more convenient to use than equation
{14b). Furthermore, the involved numerical integration
for various values of p as given by equation (14b) is avoided
by using the more accessible parametric representation of

Int. J. Heat Mass Transfer. Vol. 15, pp.164-169 . Pergamon Press 1972,
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equation (13b). The results of the integration of the latter at
various values of p/t for the important case i = 0, is shown in
Fig. 1 and for the case of ramp heat generation {i = 1) is
shown in Fig. 2. A comparison of the two graphs shows that
for the same period of heat generation and for the same
amount of heat generated (Bp®/2 = Qp), the temperature
near the origin is higher for the case of ramp heat generation.
For larger values of t(r > 10 p), the graphs show no appreci-
able difference between the corresponding temperature
profiles.
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NOMENCLATURE

a, physical length, introduced in (9) and (16) with
different meanings;

A, area of cross-section of duct:

b, physical length, introduced in (16);

Cps specific heat referred to mass and constant
pressure;

€1 Can 0 (1/p) (dp/dz™), pe, vk, ¢, . ¢, respectively:

cs, %, Q/k, c;/c.a” respectively:

D, domain of cross-section of duct ;
De, hydraulic diameter, 44/s:

E(/1= 7%, complete elliptic integral of second kind ;

flz) g(z), functions of z, introduced in (3) and (5)
respectively ;

h, heat transfer coefficient :

k, thermal conductivity coefficient :

L, boundary of D:

Nu, Nusselt number;

P, pressure where dp/dz* is a negative constant;

g, heat transfer rate at the wall :

Q, intensity of heat source (or sink) distribution
in the fluid medium ;
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linear measure of L ;

actual local temperature

temperature difference,t — 1,,;

u, local velocity in the positive direction of z¥;

hd

-y S

X, y, 2%, Cartesian coordinates, x and y are dontained
in cross-sectional plane, z*-axis is parallel to
duct axis and direction of u;

z, complex variable, x + iy, wherei = \/—1;

7N viscosity coefficient :

0 density:

7 4%, w/k,(dp/dz*)ipc,t:

@, eccentric angle, introduced in (28) ;

1, atfdz* ( = dt,/dz*), which is a positive or a
negative constant;

V2, Laplacian operator, 82/8x* + 9%/0y*.
bar, denotes conjugate complex of, eg Z
( = x — iy), fZ)and §(Z) are conjugate complex
of z,f(z) and g(z) respectively.

Subscripts

1, local value ;

m, mean value over D ;

M, mixed-mean value over D;

0, over-allvalueover L ;

W, value at the wall.

1. INTRODUCTION
CoNSIDER a laminar, steady, constant property, forced
convective and fully developed (both hydrodynamically and
thermally) rectilinear flow of a Newtonian fluid inside a
straight noncircular duct of constant area of cross-section.
Consider the presence of some axially constant heat source
(or sink) distributions in the wall and fluid materials. Let
either of the following two thermal boundary conditions be
prescribed. (i) Peripherally constant wall temperature,
which varies linearly in the axial direction. (i) Local normal
temperature gradient at the wall; which remains constant
in the axial direction and varies in the peripheral direction.

Since this problem is a basic and fundamental problem in
the heat transfer science and important from engineering
view point, a large number of research workers have studied
it. We have studied the problem in a most general form in
[1] and [2] for the thermal boundary conditions (i} and (ii)
respectively. It is noteworthy that the studies [1] and [2]
are the first to account for viscous dissipation and work of
compression for the problem.

Taking the problem with thermal boundary condition
(i), which has been analysed in [1] by means of conformal
mapping technique, we propose to give here an analysis
for those classes of the noncircular ducts L and the heat
source {or sink) distribution Q for which closed form exact
solutions are obtainable directly from the equations of L
without using conformal mapping technique. The governing

equations, with no-slip flow conditions at the wall, are

Vi = c,, u=0 on L 1
uV  [ouy
= kv? = =
pe,tu =kVit + Q + p{(ﬁx) + (6):)}
dp
+ ud~z; .o t=1t,42% on L, )

Some of the members of these classes (e.g. Q = constant,
equilateral triangular duct, elliptic duct, etc) are quite
important in engineering sciences. However, the task of
deducing the closed form exact solutions for the present
class of L from [1] (where the general solutions have been
given in terms of power series) would be difficult.

2. COMPARISON WITH L. N, TAO’s WORK 3]

A similar kind of analysis has been given by Tao in
[3]. However, the present study differs mainly from [3}
in the following aspects: (i Tao has not considered the
phenomena, namely, viscous dissipation and work of com-
pression in his analysis, whereas we are considering them
here. In fact, these phenomena are quite significant as
discussed in [1, 2]. Moreover, one may remark that in order
to achieve a precision in the analysis, one should always
consider these phenomena (even if they are relatively
unimportant) in those cases at least where mathematical
procedure does not complicate. However, the present case
is one of those (ii) Tao’s mathematical procedure results into
solutions of biharmonic and Laplace equations and evalua-
tion of velocity field from temperature field, whereas the
present mathematical procedure will be resulting into solu-
tions of Laplace equation and direct evaluation of velocity
field.

Thus the present study may be regarded as a generaliza-
tion of Tao [3] and gives a procedure which is obviously
direct and mathematically simpler as compared to that in
Tao [3].

3. ANALYSIS

In brief. our procedure and results are as follows:

Setting x = (z + Z}/2, y = {z ~ £)/2i in (1) and reducing it
to homogeneous form. we find that the solution of (1) is
directly obtainable from the equations of L when they are
expressible as

ZZ = f(2) + R2), 3

where f(Z) denotes the conjugate complex of f{z).
The solution is

u=Hzz - 1) - J@) @

Now. introducing the complex variables and the velocity
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field (4) into (2) and performing some simple fmathematical
manipulations. we find that the solution for temperature is
also obtainable directly from the equations of L. ie (3),
provided (3) is expressible as

(22¥ = ME{f{zpdz + 2 JD A2} + g2} + 6B )

and Q(x. y) has a special form (e.g. @ == constant). The result
for the case of ¢ == constant (which is important in engineer-
ing science) is as follows.

Tet—1t,=— %{(22}2 — 43 f(2Mdz + [ (BT}
— g(z) — g + %—’{ 12+ J & - 23}

.2
ney

) LA+ 5 — 2% {6)
The overall wall heat flux can directly be evaluated by
applying Gauss Divergence Theorem to (2). The resuit for

the case of @ == constant is

Go == Ak(cau, —~ 3). ]

Now. the heat transfer coeflicient h, and the Nusselt
number Nu, can in general be calculated in view of the
following definitions.

hy = — §o/STy. Nu, == hoDelk. (8)

Examples

Now we take some examples of L. which satisfy {3} and
(5). and offer the applications of the previous derivations to
them.

Egquilateral triangular duct. Let the equations of L for
an equilateral triangular duct of side 2a,/3 be. [3]
x—a=0 x-y/34+42a=0 x+p/3+2a=0 (9

Our results for this duct are as follows:

u o= fiu,‘ 4y = (x — al{x + 2a)° — 3y*L
12a
Uy = =~ 56(,’1(12, (10)
C S
T —2u, [x? + 37 — 4a® — 16d%ct — p* 23 adu,], (11D
192a

9 i4 1
T, = = a*(l + —c¥ — 511*). (12)

280 3

27 40 6
Ty = g%c‘,a"'Bl. B, = (l + —é—C: - ﬁ’l”‘), £13)

do = — 37

20
T, 3c4kA232_ B, = (z + ?ci:),_ (19)

Nug = (28/9)(B,/B)). (15)
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80—

a0

30

20—

T
(o]
cy

T
05

o T T I"(
-25 ~20 —-5 -t0O -Oﬁr

-ior-

lig'=—20
2yg=—1-0
3 O
49 |0
5= 20

—40

-50—

—601—

(7]

i3]

FiG. 1. Equilateral triangular duct: Nusselt number,

A graphical picture of Nu, [given by {15)] is given in Fig. 1.
Eiliptic duct. Let the equation of L for an elliptic duct be,
[31.

(x¥ay + (PP =1L a>h (16}
The results for this duct are:
u = Cziuz. uy = (b*x? + &*y? — @B + b
I 2
U = = jca d. (1n
T= %uz[(Al — 240X + (A, + 24,7
+ 24,a%d — 8a%d — 16a%ct — p*4u,].  (18)
N I
T, = an d §d + % - gdn* (19
4
Cad
Ty = ——B,d.
M g B
(17 + 9842 + 174%d
= e o 480F — Gp*d. 20
> TR TR s @0
ok A?
Go=— LB, Bymd+dch 2D
4n A°

i T
5 20 25
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1 n 2
Nugy =91 - =+ [ B4/Bj;]. 22
Ug <‘!>{E‘\/ﬁ2'} [ 4 3] (22)
where
2 b 21 4+ 1042 + 2*
PR AP L i)
1+ a 1+ 672 + 1Y
t— a4
B (23)

T30 - 642 + 9

A graphical picture of Nu, [given by (22)] is given in
Fig. 2.

o2 04 06 08 [He}

A
Fi1G. 2. Elliptic duct: Nusselt number.

4. CLOSURE

(i) In the foregoing, n (or n*) stands for viscous dissipation
and work of compression. Therefore, the derivations of
Tao [3] are deducible by setting # = 0 (n* = 0) into the
present derivations.

(i) In connection with. the derivation of the general
solutions (4) and (6) (for the velocity and temperature fields
respectively), we make the following statement: “For all
members of the class of noncircular ducts defined by (3), the
equation (3) cannot be transformed to the form (5) by means
of any algebraic manipulations”. The proof of this state-
ment is furnished by the following example. Consider a
noncircular duct whose equations are

x4+ y*=R%  x? +y* =2R,x (R; < R,). 249

167

Under the use of complex variables and some algebraic
manipulations, equations (24) go to

- 2
27 = [Rz(z _ EL)_‘. ER?]
z 2
ORI\, 1.,
+ V1 R,{z — — }+ =R{ 25)
z 2

which belongs to (3). It can easily be seen that (25) does not
go to the form (5) under any algebraic manipulations. Thus,
the solution (6) for T has been obtained for a subclass of the
class (3). The statement and the related discussion, given
above, have not been given in Tao [3].

(iii) The subject matter of local wall heat flux distribution,
q;, for noncircular ducts is quite significant as far as the
laminar flow is concerned and is of great interest in engineer-
ing design. In order to obtain g; from (6), we find that the
general formula is

T T - _ 0T
g =k— =kle"—+e "—]L,

2
on dz 0z (26)

where n and y denote outward drawn normal direction at
L and the angle between the directions of n and positive
x-axis respectively. For the foregoing equilateral triangular
and elliptic ducts, we find, respectively,

1
kcq‘a3 = U+ ¥ = 4= 166D [con[X + HX? — 7]
4

—sinp(XY - Y)),

27

FiG. 3. Equilateral triangular duct: Local wall heat flux
on one half of any side.
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where X = x/aand ¥ = y/a,

d
4 /(sin®*@® + A%cos’®) [—~

= d -2
keead 34V 1+ 612 i

+ A%

x (cos?® — A%sin’®) — (1 + 447 + 1] — 3c§‘] . (28)

Examining equations (27) and (28), we find that the com-
bined effect of viscous dissipation and work of compression
on ¢, is zero. However, this is not true for 7, T,,, Ty and Ny,
(as can be verified from the derivation given here). The

SHORTER COMMUNICATIONS

" * &y &, €3
-0 ~100-00 —120-:00 54-5454
o1 ~ 52632 - 577 54545

Looking into the table, we find that the quantitative effects
are considerable when the magnitude of n* is greater than
o1

{v) The case of circular tube of radius, a, is deducible from
that of elliptic duct by setting b = a in {16)}+{23) and (23).

K

7
4 ©-

ol
»-u[::

&'

o o] o
I \
o w s

n
)

|

L 20 =
~N—44-

2: ¢; ==L =025
3: ¢ =-1,\ =05
4: €] ==, X =075

sy S:e =tk =1
5 § C; =0.x =025
4—————7 7:Cy 20X =08
8:C5 =0, X =075

9 €y =0, A =i
10: €3 =1, X =025
iCcy =, A =05
12:C5 =l X =075

13: €5 =1, A

=1

FiG. 4. Elliptic duct: Local wall heat flux on one half by
najor axis.

subject matter of local wall heat flux distribution has been
omitted in Tao [3]). Therefore, in connection with (27)
and (28), we provide Fig. 3 and Fig. 4 also.

{iv)} Let the percentage errors due to the omission of
viscous dissipation and work of compression be denoted by
&y, & and &; for T, Ty, and Nu, respectively. Then, in the
case of Q = 0, we have, for equilateral triangular duct,

Similarly, the case of flat duct, composed of two infinite
parallel flat plates with gap 2b, can be deduced from that of
elliptic duct by letting @ approach infinity and b remain
finite.

(vi) The question of giving an analysis of the present kind
for the thermal boundary condition (i) is still open. How-
ever. we have tried but no success has been met.
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INTRODUCTION

A KNOWLEDGE of the optical constants of dielectric coatings
and films is relevant to the calculation of radiation properties
such as reflectivity and absorptivity which, in turn, are
employed to determine radiative heat transfer. Several
methods are developed in [1] for deducing optical constants
and film thickness from monochromatic, specular reflec-
tivity measurements at varying angle of incidence. The
methods described therein were formulated for perpendicular
polarized radiation. The purpose of the present note is to
extend the formulation to accommodate parallel polarized
radiation.

The physical situation under study is pictured schematic-
ally in the inset of Fig. 1. Consideration is given both to
transparent films and to slightly absorbing films. Although
the former correspond to the conventional analytical model
for thin dielectric films, the experiments of [1] indicate that
the latter may provide a closer representation to reality.
To facilitate a concise presentation, liberal use will be made
of the findings of [1].

TRANSPARENT FILMS
Consider first a transparent film (#, = n,) on an absorbing
substrate [A; = ny(1 + ix;3)]. For monochromatic, parallel
polarized radiation incident under an angle 6,, the Fresnel

reflection coefficients at the interfaces 1-2 and 2-3, r,, and
p23.respectively, are

n,cosfl; — n,cos 6,

2 = s
n,cos@, + n;cos 9,

pay it = fiycos 8, — n, cos 0, (1)
fizcos B, + nycos 0,
in which ¢, is the phase shift at the interface 2-3. The
angles 8,, 0, and 0, are related by Snell’s law, according
towhichn, sin 8, = n,sin 0, = A sin 0;.

At the Brewster angle defined by 0, = 0% = tan~(n,/n,).
it can be shown that r,, = 0. Furthermore, for situations
characterized by n, =~ 1 and n, > 1, it follows that r,, > 0
for 0, < 0% and r;;, < 0 for 8, > 0%. This behaviour of
r,, introduces interesting differences in the present develop-
ment relative to that for perpendicular polarized radiation.

In terms of the foregoing quantities, the monochromatic
specular reflectivity is expressible as

rdh 4+ pd + 2rapascos(da; + 2P)

T+ ripds + 2r2p53c08 (h23 + 28)
2n
p=|—|nhcos0, (2)
A

0

where A, is the wavelength (in vacuum) of the incident



